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Abstract

A mathematical model is developed to describe the micro-/nano-scale fluid flow and heat/mass transfer phenomena

in an evaporating extended meniscus, focusing on the transition film region under non-isothermal interfacial conditions.

The model incorporates polarity contributions to the working fluid field, a slip boundary condition on the solid wall,

and thermocapillary stresses at the liquid–vapor interface. Two different disjoining pressure models, one polar and one

non-polar, are considered for water as the working fluid so that the effect of polar interactions between the working

fluid and solid surface can be exclusively examined on heat and mass transfer from the thin film. The polar effect is

examined for the thin film established in a 20-lm diameter capillary pore. The effect of the slip boundary condition

is separately examined for the thin film developed in a two-dimensional 20-lm slotted pore. The analytical results show

that for a polar liquid, the transition region of the evaporating meniscus is longer than that of a non-polar liquid. In

addition, the strong polar attraction with the solid wall acts to lower the evaporative heat transfer flux. The slip bound-

ary condition, on the other hand, increases evaporative heat and mass flux and lowers the liquid pressure gradients and

viscous drag at the wall. The slip effect shows a more pronounced enhancement as superheat increases. Another thing to

note is that the slip effect of elongating the transition region can counteract the thermocapillary action of reducing the

region and a potential delay of thermocapillary driven instability onset may be anticipated.
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1. Introduction

Recently phase change heat transport devices such as

heat pipes, capillary pumped loops and grooved evapo-

rators have received much attention for their promise to

dissipate large heat fluxes and to maintain temperature

uniformity [1]. Many of these devices make use of thin

film evaporation which takes place on the liquid–vapor

interface of heated meniscus. Thin film evaporation is
ed.
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Nomenclature

a coefficient for evaporative mass flux

A dispersion constant, J

6pA Hamaker constant, J

A1 coefficient for slip length

B1 coefficient for slip length

b coefficient for evaporative mass flux

C accommodation constant

h thin film thickness, m

hfg latent heat of vaporization, J/kg

k thermal conductivity, W/(mK)

K curvature of liquid–vapor interface, 1/m

Ls slip length, m

_mevp evaporative mass flux, kg/(m2s)

M molecular weight, kg/kmol

P pressure, Pa

q heat flux, W/m2

Q total heat transfer rate, W

r radial coordinate normal to substrate, m

R pore radius, m

R universal gas constant, J/(kgK)

Rg gas constant, J/(kgK)

T temperature, K

u velocity component in x-direction, m/s

v vapor phase

w wall

u* characteristic axial velocity, m/s

Vl molar volume, m3/mol

x axial coordinate parallel to substrate, m

Greek symbols

a coefficient for disjoining pressure

b coefficient for disjoining pressure

C mass flow rate, kg/s

c slope of surface tension, N/(mK)

_c shear rate, 1/s

l dynamic viscosity, Ns/m2

m kinematic viscosity, m2/s

g dimensionless film thickness

h dimensionless temperature

s shear stress, N/m2

q density, kg/m3

n dimensionless axial coordinate

P disjoining pressure, Pa

r surface tension, N/m

Subscripts

0 adsorbed film region

c critical value

i liquid–vapor interface

l liquid phase

tr transition
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also of major importance in nucleate boiling heat trans-

fer [2].

In phase change transport devices, capillary forces

drive overall circulation of working fluid from an evap-

orator section to a condenser section, whereas the thin

film flows at the evaporating meniscus are driven by cap-

illarity and disjoining pressure gradient. Fig. 1 shows an

evaporating extended meniscus developed on the wall
Fig. 1. Schematic of liquid–vapor interface forming within a c
within a capillary pore. The extended meniscus is com-

posed of three distinct regions [3]. The bulk meniscus re-

gion is dominated by capillary forces, while the adsorbed

film region is governed by the disjoining pressure due to

intermolecular interactions between the wall and the

fluid. In the adsorbed film, superheated liquid molecules

are restrained from evaporation by extremely strong

interaction forces between the liquid molecules and the
ylindrical capillary pore with uniform wall temperature.
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solid substrate. The thin film region, which is called a

transition region, exists between the bulk meniscus and

the adsorbed film region. The effect of capillarity and

disjoining pressure are equally important in this region

for fluid flow and heat transfer.

The foundation for the study of fluid mechanics and

thermodynamics of thin liquid film was established by

Derjaguin et al. [4]. They proposed the concept of a dis-

joining pressure for representing the influence of inter-

action between substrate and fluid on the pressure field

in a thin film. The disjoining pressure has been included

in the liquid pressure gradient for the analysis of evapo-

ration of liquid film. Studies on evaporating extended

meniscus have been extensively done by many research-

ers as summarized in Table 1.

Potash and Wayner [3] used this disjoining pressure

concept to describe evaporation from a steady state,

two-dimensional, extended meniscus on a heated vertical

flat plate immersed in a liquid. They were the first to

show that the pressure gradient and evaporative mass

flux reached a maximum in an evaporating thin film re-

gion. Wayner et al. [5] examined evaporation from a sta-

ble extended meniscus formed on an inclined flat plate

for non-polar liquids. In this work they demonstrated

that the heat transfer coefficient increased rapidly from

zero at the adsorbed film to a constant value at the

end of transition region over a very short distance.

Moosman and Homsy [6] developed a mathematical

model to describe the transition phenomena in the hor-

izontal extended meniscus using perturbation analysis.

Their analysis showed that the maximum heat flux and

evaporation flux occurred in the transition region where

the thermal resistance was small. These three pioneering

studies [4–6] considered the non-isothermal interfacial

conditions but without incorporating thermocapillary

effect in details.

Mirzamoghadam and Catton [7] developed an ana-

lytical model of an evaporating meniscus developing

on an inclined heated copper plate submerged in a
Table 1

Comparison of previous studies on evaporating extended meniscus

Authors Non-isothermal

interfacial condition

Potash and Wayner [3] O

Wayner et al. [5] O

Moosman and Homsy [6] O

Mirzamoghadam and Catton [7] O

Stephan and Busse [8] O

Swanson and Herdt [9] O

Hallinan et al. [10] O

Park et al. [11] X

Qu and Ma [15] O

Wee et al., present study O

O: included in the analysis; X: not included in the analysis.
non-polar liquid pool at various angles. They showed

that the heat and mass transport were dependent on

angle of inclination of the plate and an angle of 20–

30� yielded an increase in the heat transfer coefficient

by a factor of seven compared to a horizontal case.

Stephan and Busse [8] uniquely calculated the heat and

mass transport phenomena in both the thin film region

and the macroscopic meniscus within a heat pipe with

open grooves. They found that the heat transfer in the

thin film region could have a significant influence on

the overall macroscopic heat transfer. Swanson and

Herdt [9] investigated the fluid flow and heat transfer

in a three-dimensional capillary pore geometry by incor-

porating Marangoni convection, London–van der

Waals dispersion forces, and non-isothermal interface

conditions. They assumed a Hagen–Poiseuille flow field

for the liquid in the meniscus and thin film regions and

obtained the change in the meniscus shape with varying

dispersion number. They showed that the local evapora-

tive mass flux increased dramatically as the dispersion

number was increased. These three studies [7–9] incor-

porated the thermocapillary effect associated with the

non-isothermal interface, but were limited to non-polar

liquids such as pentane.

Hallinan et al. [10] developed a model to describe the

evaporation thin film within micropores of porous wick

structure of heat pipe under non-isothermal condition

and thus accounted for thermocapillary stresses at the

interface. They also found that maximum evaporative

fluxes were present in the extended meniscus with con-

stant wall temperature. Recently, Park et al. [11] devel-

oped a mathematical model to describe the transport

phenomena for a thin film region of a micro-channel

with a non-polar liquid under isothermal conditions.

They showed that the gradient in the vapor pressure

had a significant influence on the thin film profile. They

also found that the length and the maximum thickness

of the thin film decreased exponentially as the heat flux

increased.
Thermocapillary

effect

Slip boundary

condition

Polarity

effect

X X X

X X X

X X X

O X X

O X X

O X X

X X X

X O X

X X O

O O O
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In general the working fluids used in the phase change

heat transport devices are classified into two groups:

non-polar and polar liquids. Pentane, decane, heptane,

carbon tetrachloride belong to the non-polar liquid

group, and water, ammonia, acetone, ethanol, and meth-

anol are in the polar liquid group. As stated above, most

of the liquids that have been used in the study of liquid–

vapor phase change transport are non-polar liquids [4–

11]. For these liquids, the primary cause of the disjoining

pressure is London dispersion forces resulting from the

interaction of the positive nucleus of one molecule with

the electrons of another molecule. The dispersion forces

are the weakest of the van der Waals forces. Therefore,

the intermolecular forces for non-polar molecules are

weak for restraining the liquid molecules from evapora-

tion and thus the evaporation rates are large. However,

dispersion forces provide the most important contribu-

tion to the total van der Waals force between atoms

and molecules because they are always present in non-

polar and polar molecules as well. On the other hand,

for polar liquids other interaction forces, such as di-

pole–dipole interactions are present. The positive charge

of one molecule attracts the negative charge of another

molecule [12]. For a water molecule, negative charges

around oxygen molecules attract the positively charged

hydrogen molecule, which leads to strong dipole moment

[13]. These forces are stronger and longer ranged than

dispersion forces. Since polar fluid molecules yield much

stronger intermolecular forces with a solid substrate, the

evaporation rate of polar liquid tends to be lower relative

to non-polar liquid [14].

Most research of evaporating thin films has consid-

ered only non-polar liquids. Recently, Qu and Ma [15]

studied the polarity effects of different working fluids

on the evaporation heat transfer characteristics from a

meniscus in a capillary tube. They noted that the disjoin-

ing pressure had strong effects on liquid film thickness

profiles and the effects were more dominant in strongly

polar working fluid such as water. They found that the

strong disjoining pressure in a polar liquid leads to elon-

gation of the evaporating interfacial region relative to

that of non-polar liquids such as carbon tetrachloride

and benzene. Their study, however, did not include the

thermocapillary effect though non-isothermal interfacial

conditions were incorporated.

With the proliferation of MEMS and nano-technol-

ogy, flow phenomena have been studied at smaller

scales. At the micro-/nano-scale, flow cannot always be

modeled based on a continuum hypothesis. The devia-

tion of the gas flow from the continuum hypothesis is

measured by the Knudsen number, which is defined as

the ratio of the mean free path to the characteristic

length scale. For liquids, however, the concept of the

mean free path is not useful so that the Knudsen number

cannot be defined. More relevant to liquids at the micro-

scale is slip at the wall [16]. Several researchers have re-
cently demonstrated that the no-slip boundary condition

may not be applicable to both the micro- and nano-scale

liquid flow. Ruckenstein and Dunn [17] established a

model for a slip velocity at the contact line region of a

spreading liquid drop on a solid surface. They noted that

a gradient of chemical potential along the interface of

liquid and solid induces a force which causes the slip.

Neogi and Miller [18] calculated spreading of an axi-

symmetric sessile drop over a solid medium using a

slip condition which was equal to the slip velocity of

Ruckenstein and Dunn [17]. They demonstrated that

intermolecular forces in the contact line region had an

effect on the surface diffusion of adsorbed molecules

which produced slip on a wall substrate. Ruckenstein

and Rajora [19] compared the slip velocity modeled by

a chemical potential theory with the slip velocity meas-

ured experimentally in a sufficiently small capillary.

They determined the slip velocity with the use of the

chemical potential theory, where the slip velocity was

proportional to a gradient in the chemical potential

caused by pressure drop in capillary pore. They demon-

strated that the slip velocity was related to surface diffu-

sion coefficients and the pressure gradient. Recently,

Thompson and Troian [20] provided molecular dynamic

(MD) simulations to quantify the slip-flow boundary

conditions in liquid flows. Based on their results, they

suggested a more general boundary condition for liquid

flow at a solid–liquid interface. Choi et al. [21] examined

the slip effects of water flow in hydrophilic and hydro-

phobic micro-channels experimentally. They concluded

that the effect of the slip velocity yielded greater flow

rates than predicted using a no-slip boundary condition.

From their experimental results, they obtained a rela-

tionship between the shear rate and slip length that

had the same form as that of Thompson and Troian

[20], but with different coefficients. Tretheway and Mein-

hart [22] measured the velocity profile in hydrophobic

micro-channel using micro-particle image velocimetry.

In their experiments, they measured an apparent slip

velocity which was about 10% of free stream velocity

and a slip length of approximately 1 lm. They con-

cluded that the no-slip condition could be inaccurate

for micro-scale fluid flow modeling.

While all the above mentioned studies [16–22] consid-

ered only hydrodynamic aspects of slip boundary condi-

tions, the only published study accounting for an

evaporating thin film is presented by Park et al. [11].

They applied the slip velocity conditions to an evaporat-

ing micro-channel filled with water under very simplified

conditions. Thermocapillary effects were not considered.

Nevertheless, they concluded that the slip velocity

boundary condition had a significance influence on the

fluid and heat transport processes.

The slip boundary condition is related to the pressure

gradient that gives rise to the flowfield of an evaporating

meniscus within capillary driven heat transport. Such
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devices rely upon large pressure gradients in the thin film

region to sustain the evaporation. A larger evaporative

flow, and therefore thin film pressure gradient, yields

an increased slip velocity. Therefore, recently developed

thermal control devices having high thermal perform-

ance and thus large liquid pressure gradients in thin

films can only be accurately modeled by considering a

slip velocity condition near the contact line. As the char-

acteristic length of a pore or groove decreases, the slip

effects become more important. Further, the slip velocity

becomes more important with increase in heat flux in

thin film transition region, as will be shown in detail

later. According to several experimental investigations,

the film thickness in the transition region has been meas-

ured to be on the order of tens to hundreds of nanome-

ters [23]. Given slip lengths on the order of micron, slip

cannot be ignored when modeling the thermofluid char-

acteristics of an evaporating thin film.

Finally temperature gradients along an evaporating

meniscus generate surface tension gradients, which in

turn induce the thermocapillary stresses that seek to

drive fluid flow away from the adsorbed region to menis-

cus region. This thremocapillary stress can result in

Marangoni convection within the transition region. This

flow is increased as the heat flux increases. At a certain

critical value of heat flux, instabilities arise due to the

thermocapillary effects [24]. Since polar liquids have

larger surface tensions and surface tension slope with

temperature, it is even more important to include ther-

mocapillary contributions to the thermofluid character-

istics.

Although extensive research of an evaporating non-

polar thin films has been performed due to the simplicity

of modeling van der Waals intermolecular forces, a com-

plete understanding has not been achieved yet. In this

study we utilize a more complete model of an evaporat-

ing extended meniscus formed in a heated capillary pore

than in reported research to date. Here, an extended

study is conducted to examine the effect of polar interac-

tions between fluid and substrate by considering water

as the working fluid wherein a virtual non-polar model

is imposed for the study and the results are compared

with those with a practical polar model to exclusively

examine the polarity effect. The model developed in a

cylindrical coordinate system also incorporates thermo-

capillary stresses due to non-isothermal conditions. It

also accounts for slip at the wall. This latter influence

is evaluated for a non-polar liquid such as pentane

and a slightly polar liquid such as ammonia in a slotted

pore, in order to alleviate the computational complex-

ity associated with cylindrical coordinates. As summa-

rized in Table 1, the present study will be the

first attempt to comprehensively incorporate the non-

isothermal interface associated with thermocapillary

stresses, slip boundary conditions, and polar fluid–sub-

strate interactions.
2. Mathematical modeling of an evaporating extended

meniscus

2.1. Modeling for disjoining pressure and thin film

geometry

A mathematical model of an evaporating liquid thin

film in steady state is considered for a circular pore

geometry as is illustrated in Fig. 1. The liquid is assumed

to be heated by a uniform heat flux from a solid sub-

strate causing evaporation from the liquid–vapor inter-

face. It is assumed that the evaporative flow from the

thin film is sustained by constant liquid inflow from

the bulk meniscus controlled by gradients in capillary

and disjoining pressure. The origin is set at the junction

of the non-evaporating adsorbed film region and the

evaporating transition region.

The pressure differential is related to capillary pres-

sure and disjoining pressure in augmented Laplace–

Young equation given as

P v � P l ¼ rK þP ð1Þ

where Pv and Pl are the pressure of the vapor and liquid

phases, respectively, P is the disjoining pressure, which

represents the intermolecular interaction force between

the liquid and solid molecules present in the thin liquid

film, r is a liquid–vapor interfacial surface tension,

and K is a mean curvature of liquid–vapor interface.

The surface tension is related to the local liquid–vapor

interfacial temperature using a linear approximation by

r ¼ r0 þ cT i ð2Þ

where r0 is the reference surface tension, c is the surface
tension–temperature slope (typically <0), and Ti is the

interface temperature, respectively. The mean curvature

for circular pores is expressed as the sum of the circum-

ferential curvature and axial curvature which are repre-

sented in terms of the first and second derivative of the

film thickness with the distance along the substrate:

K ¼ 1

R� h

� �
ð1þ h2xÞ

�0:5 þ hxxð1þ h2xÞ
�1:5 ð3Þ

The subscript x indicates the derivative with respect to x

and R is the radius of circular pore.

Both polar and non-polar forms of the disjoining

pressure are utilized so as to comparatively ascertain

the role of polar forces on the thin film thermofluid char-

acteristics. For a polar liquid like water the disjoining

pressure has been characterized for a two-dimensional

extended meniscus [3] by the equation,

P ¼ �qlRgT i lnðP v;i=P 0
v;iÞ ð4Þ

where ql is the density of the liquid phase, Rg is the gas

constant, Ti is the liquid–vapor interface temperature,

Pv,i is the reduced saturation pressure of the film, and

P 0
v;i is the saturation pressure corresponding to Ti.
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Combining the experimental work of Derjaguin and

Zorin [25] with Eq. (4), Holm and Goplen [26] developed

the expression of the disjoining pressure as a logarithmic

function of film thickness in the following form:

P ¼ �qlRgT i lnðahðxÞbÞ ð5Þ

For pure water on the quartz glass, the constants are

given as a = 1.49, b = 0.0243 [26]. On the other hand,

the disjoining pressure for non-polar liquids is expressed

in the polynomial function of the film thickness in the

non-retarded form [25]

P ¼ A

h3
ð6Þ

where 6pA is the Hamakar constant, which is positive

for a completely wetting liquid, and A is the dispersion

constant equal to 3.11 · 10�21 J for water [5].

2.2. Modeling for liquid flow field and slip boundary

condition

The fluid dynamics can be modeled with the lubrica-

tion approximation yielding in cylindrical coordinate:

1

r
o

or
r
ou
or

� �
¼ 1

ll

dP l

dx
ð7Þ

The solution to the above differential equation is subject

to the following boundary conditions at the solid wall

and liquid–vapor interface, respectively:

at r ¼ R; u ¼ us ¼ �Ls

du
dr

����
wall

ð8Þ

at r ¼ R� h; �l
ou
or

¼ dr
dx

ð9Þ

The first boundary condition, Eq. (8), is the slip bound-

ary condition at wall, which was proposed by Navier

[27] to incorporate the possibility of flow slip. Ls is the

slip length that is an imaginary length from the wall at

which the velocity extrapolates to zero. If Ls is zero, this

is identical to a no-slip condition. Thompson and Troian

[20] proposed the following relationship of slip length to

shear rate:

Ls ¼ Ls0ð1� _c= _ccÞ
�1=2 ð10Þ

This relation was achieved in the numerical study of a

micro-Couette flow by the use of molecular dynamics

simulations. A similar form of the relation was obtained

experimentally by Choi et al. [21] in hydrophobic and

hydrophilic micro-channels with water as shown:

Ls ¼ A1 _c
B1 ð11Þ

where _c is the shear rate at the wall and the coefficients,

A1 and B1, are experiment dependent. In this study,

using the correlation of Thompson and Troian [20] the
slip effect on the micro-scale heat and mass transfer is

investigated for working fluids of pentane and ammonia.

The second boundary condition, Eq. (9), is the shear

stress condition at the liquid–vapor interface, which

equates the interfacial shear stress to the change in sur-

face tension. The surface tension gradient is caused by

temperature gradients at the interface.

The liquid velocity profile can now be determined by

solving the axial momentum equation, Eq. (7), subject to

the specified boundary conditions,

uðrÞ ¼ 1

4ll

dP l

dx
r2 þ C1 ln r þ C2 ð12Þ

where

C1 ¼ � 1

ll

dr
dx

ðR� hÞ � 1

2ll

dP l

dx
ðR� hÞ2 ð13Þ

and

C2 ¼ �Ls

1

2ll

dP l

dx
Rþ C1

R

� �
� 1

4ll

dP l

dx
R2 � C1 lnR:

ð14Þ

The slip velocity, us = u(r = R), can be related to C1

and C2 as follows and it clearly depends upon the local

pressure gradient.

us ¼
1

4ll

dP l

dx
R2 þ C1 lnRþ C2: ð15Þ

Using the velocity profile given by Eq. (12), the mass

flow rate across a cross-sectional area of the film thick-

ness h is obtained as follows:

C ¼
Z R

R�h
ql

1

4ll

dP l

dx
r2 þ C1 ln r þ C2

� �
2prdr: ð16Þ

After integration, the following expression is derived:

C ¼ C6

dP l

dx
þ C7

dr
dx

ð17Þ

where

C6 ¼
p
8ml

½R4 � ðR� hÞ4� � 4ðR� hÞ2C5

n o
þ pqlð2Rh� h2ÞC3; ð18Þ

C7 ¼ � p
ml
ðR� hÞC5 þ pqlð2Rh� h2ÞC4 ð19Þ

The coefficients C3, C4, and C5 are defined as follows:

C3 ¼
Ls

2ll

ðR� hÞ2

R
� R

" #
þ 1

2ll

ðR� hÞ2 lnR� 1

2
R2

� �
;

ð20Þ

C4 ¼
Ls

ll

ðR� hÞ
R

þ 1

ll

ðR� hÞ lnR ð21Þ
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and

C5 ¼ R2 lnR� 1

2

� �
� ðR� hÞ2 lnðR� hÞ � 1

2

� �
: ð22Þ

These coefficients are related to R, h, ll, and ql. Fluid
slip at the wall is incorporated in the terms which in-

clude the slip length (Ls) (Eqs. (20) and (21)).

The evaporative mass flux is related to the mass flow

rate in the thin film through mass conservation,

dC
dx

¼ � _mevp: ð23Þ

Using kinetic theory to relate the net mass flux of matter

crossing a liquid–vapor interface to a jump change in

interfacial temperature at the interface [28] and an ex-

tended Clapeyron equation to equate the variation in

the equilibrium vapor pressure with temperature and

disjoining pressure, the evaporating mass flux, _mevp, is

modeled as a function of the temperature and pressure

jumps at the interface [29]:

_mevp ¼ aðT i � T vÞ þ bðP l � P vÞ ð24Þ

The coefficients, a and b, are dependent on the physical

properties of the liquid and defined as follows:

a ¼ C
M

2pRT i

� �1=2 P vMhfg
RT vT i

� �
;

b ¼ C
M

2pRT i

� �1=2 V lP v

RT i

� � ð25Þ

where, C is the accommodation coefficient, taken to be

2.0, M is the liquid molecular weight, R is the universal

gas constant, Pv is the saturated vapor pressure of liquid

at temperature Tv, Vl is the liquid molar volume at tem-

perature Ti and hfg is the latent heat of vaporization per

unit mass at Ti. The vapor phase is assumed to have a

uniform pressure and temperature. Eq. (24) shows that

the local evaporation rate is a function of the local

superheat and the liquid pressure, which is influenced

by both capillary and disjoining pressure. The liquid–

vapor interfacial temperature varies with the film thick-

ness, as changes in film thickness are associated with

changes in the conduction resistance. The vapor phase

is assumed to be isothermal and pure.

2.3. Modeling for thermal field and heat transfer

The liquid–vapor interface temperature can be ob-

tained using the steady-state energy equation. The thick-

ness of the liquid film is so small that the conduction

heat transfer through the liquid thin film is assumed to

be present only the direction perpendicular to the solid

surface. According to Stephan and Busse [8], the calcu-

lated normal temperature gradients are several orders

of magnitude larger than the gradients parallel to the

surface. Also, the conduction heat transfer rate from
the wall through the liquid film to the liquid–vapor

interface balances to both of evaporation and convec-

tion at the interface [6]. Of these two, evaporative losses

are dominant. Thus, the conduction heat transfer rate is

set equal to the evaporation heat flux at the interface.

This yields the following simplified energy equation in

cylindrical coordinates:

o

or
klr

oT
or

� �
¼ 0 ð26Þ

Two boundary conditions are necessary at wall and

liquid–vapor interface for obtaining the temperature

distribution:

at r ¼ R; T ¼ T w ð27Þ

at r ¼ R� h; kl
dT
dr

����
r¼R�h

¼ _mevphfg ð28Þ

These correspond to a specified wall temperature and a

balance between conduction and evaporation heat trans-

fer at the liquid–vapor interface, respectively. Solution

of the energy equation, Eq. (26), subject to these bound-

ary conditions gives the temperature variation along the

interface

T i ¼ � hfg
kl

ðR� hÞ ln R
R� h

� �
_mevp þ T w ð29Þ

The evaporation mass flux given by Eq. (24) is substi-

tuted into Eq. (29) and using the definitions for the dis-

joining pressure and capillary force to relate Pv in Eq.

(24) to Pl, the final expression for the interfacial temper-

ature results in

T i ¼
T wkl=F 1 þ aT v þ brK

kl=F 1 þ aþ bqlRg lnðahbÞ
ð30Þ

where

F 1 ¼ ðR� hÞhfg ln
R

R� h

� �
ð31Þ
2.4. Integrated modeling for combined flow and thermal

fields

Integrating the evaporative mass flux from the ad-

sorbed film to an arbitrary x-location, the mass flow rate

can be related to the interfacial temperature and film

thickness as shown:

CðxÞ ¼ � 2pkl
hfg

Z x

0

T w � T i

ln R
R�h

� � dx ð32Þ

This expression for C(x) provides closure to Eq. (17).

The RHS of Eq. (17) must be equal to this expression

for C(x). In Eq. (17) the liquid pressure gradient can

be obtained by differentiation of the augmented Lap-

alce–Young equation, Eq. (1), in terms of x,
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dP l

dx
¼ �r

dK
dx

� K
dr
dx

� dP
dx

ð33Þ

Eq. (33) shows that the thin film flow is controlled by

gradients in curvature, surface tension, and disjoining

pressure. Of these, only the disjoining pressure term

drives flow into the thin film region. The third-order

non-linear differential equation for the film thickness

profile can be obtained by substituting the expression

for curvature into Eq. (33) and rearranging

hxxx � 3h2xxhxð1þ h2xÞ
�1 � hxxhxðR� hÞ�1

þ hxð1þ h2xÞðR� hÞ�2 þ c
r

1þ h2x
� �

ðR� hÞ�1 þ hxx
h idT

dx

þ 1

r
1þ h2x
� �1:5 dP l

dx
þ dP

dx

� �
¼ 0 ð34Þ

The liquid pressure gradient in terms of x is achieved by

equating Eqs. (17) and (32),

dP l

dx
¼ �C7

C6

dr
dx

� 2pkl
hfgC6

Z x

0

T w � T i

ln½R=ðR� hÞ� dx ð35Þ

In Eq. (34), the conservation of mass equation combined

with the interfacial normal stress balance within the film

reduced to a differential equation for the thin film thick-

ness profile along the horizontal solid wall. In this equa-

tion, all of the related physical properties such as

temperature, pressure, flow velocities and evaporative

mass flux are represented in terms of the liquid film

thickness, h, and its derivatives. The influence of polar

solid–liquid intermolecular forces is imbedded in the dis-

joining pressure term in Eq. (34) and the slip velocity ef-

fect is imbedded in the constants C6 and C7 in the liquid

pressure gradient, Eq. (35), through its contribution to

the mass flow rate, Eq. (17).

The ordinary differential Eq. (34) can be solved using

sixth-order Runge–Kutta–Fehlberg method. The third-

order differential equation needs three initial conditions

at the adsorbed region, x = 0. The adsorbed film thick-

ness can be calculated by setting Eq. (24) of the evapo-

ration mass flux to zero at x = 0 since there is no

evaporation at adsorbed film. For a completely wetting

film the slope approaches a very small value at adsorbed

film region; thus first derivative of film thickness is zero.

The second derivative of the thickness would be zero as

well. But these initial conditions yield the trivial solution

of a constant film thickness profile. In order to avoid
Table 2

Physical properties of water, pentane and ammonia [30]

Physical properties Water (at 373 K)

ql (kg/m
3) 958

ll (Ns/m2) 2.817 · 10�4

kl (W/mK) 0.679

hfg (kJ/kg) 2258

r (N/m) 0.1162–1.477 · 10�4T
these trivial solutions, a small perturbation can be ap-

plied to the thickness and the slope [5,10]. The solution

of Eq. (34) is very sensitive to the specification of the ini-

tial condition for the first derivative of thickness espe-

cially as the superheat increases. An iterative technique

is employed to guess the slope at x = 0 such that the

solution converges to the appropriate curvature in the

bulk meniscus region. Once the liquid film thickness pro-

file h(x) is obtained from Eq. (34), the other properties

are readily determined since they are all functions of

h(x), such as temperature (Eq. (30)), pressure gradient

(Eq. (35)), and the evaporative mass flux (Eq. (24)).
3. Results and discussion

The working fluid is chosen as water for investigation

of polarity effect in a cylindrical capillary pore of 20-lm
diameter. In order to consider the slip effect separately,

non-polar pentane and slightly polar ammonia are cho-

sen for working fluids in slotted pore geometry. The

physical properties are obtained for water at working

temperature of 373 K and for pentane and ammonia at

300 K (Table 2), and the corresponding vapor was as-

sumed to be saturated. Note that x = 0 is set to the point

of zero evaporation mass flux as the beginning of the

transition region in all the presented results.

3.1. Effect of liquid polarity

Fig. 2 shows meniscus profiles for three superheat

conditions of water with a non-polar form of the disjoin-

ing pressure imposed, i.e., from Eq. (34) coupled with

Eq. (6). This artificial elimination of the polarity of

water is devised to separately examine the polarity effect

on the development of evaporating thin film and its heat/

mass transport characteristics. The superheat, repre-

sented by the temperature differential between Tw and

Tv, is specified by the boundary condition of Eq. (27).

The length of thin film (transition region) decreases with

increasing superheat and the adsorbed film thickness

also decreases with an increase in superheat, as magni-

fied by the inset profiles.

Fig. 3a shows liquid pressure gradient profiles calcu-

lated from Eq. (35) for different superheat conditions.

The transition region, which is approximately equivalent
Pentane (at 300 K) Ammonia (at 300 K)

619 600

2.144 · 10�4 1.293 · 10�4

0.111 0.480

361 1187

0.0484–1.102 · 10�4T 0.0860–2.182 · 10�4T



Fig. 2. Thin film profiles of water with non-polar disjoining

pressure model imposed for three different superheat conditions

accounting for thermocapillary effect.

Fig. 3. Liquid pressure profiles in the transition region of non-

polar water for different superheat conditions: (a) liquid

pressure gradient calculated from Eq. (35); and (b) liquid

pressure distribution integrated from (a).
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to the range of non-zero pressure gradients, is clearly

shown to decrease with increasing superheat. The maxi-

mum level of the pressure gradient increases with

increasing superheat since a higher flow rate directed

from the bulk to the thin film region is required to com-

pensate the increased evaporation flux. Fig. 3b shows

liquid pressure distribution for the same cases of Fig.

3a. While the liquid pressure in the bulk capillary region

remains unchanged, the total pressure drop along the

transition region increases with increasing superheat be-

cause of the higher compensating flow rate driven from

the bulk region.

Fig. 4a shows the evaporative mass flux distributions

calculated from Eq. (24) along the thin film per unit

depth in meter for different superheat levels. The point

of maximum evaporation mass flux exists within the thin

film region for all superheat levels, and this has been per-

sistently identified in the previous studies [5–11]. The

location of the peak roughly corresponds to the location

of the maximum pressure gradient shown in Fig. 3a. Fig.

4b shows the total evaporative mass flow rate integrated

from the mass flux profiles in Fig. 4a. As expected, the

total evaporative mass flux increases as the superheat

increases.

Fig. 5 shows the change in the thin film profile for po-

lar and non-polar liquids for the same superheat condi-

tion of 0.1 K. The length of the thin film or transition

region, Ltr, is defined as the distance from the adsorbed

region to the junction where the value of disjoining pres-

sure is equal to that of capillary pressure. The length of

transition region is calculated to 286 nm using a polar

form of the disjoining pressure and to 96 nm for a

non-polar form of the disjoining pressure. The polar

form of the disjoining pressure extends the junction of

pressure equality toward the bulk region, which in turn
results in the remarkable increase in Ltr. Also, the stron-

ger attractive forces between the polar liquid and the

solid substrate substantially increase the thin film thick-

nesses for the same superheat level. The elongation of

the thin film region was similarly observed at high dis-

persion numbers, defined as the ratio of disjoining pres-

sure to surface tension force, by Swanson and Herdt [9].

Qu and Ma [15] compared the meniscus profiles of water

with those of other non-polar liquids, such as carbon

tetrachloride and benzene, and also showed that the

transition region of a polar liquid is much longer than

that of a non-polar liquid under the same superheat

condition.

Fig. 6 presents a comparison of disjoining pressure

profiles for polar water (solid lines) and non-polar water

(dashed lines) for the same superheat condition of 0.1 K.

It is shown that the transition film length where the



Fig. 4. Evaporative mass flux distribution in the transition

region of non-polar water for different superheat conditions: (a)

evaporative mass flux calculated from Eq. (24); and (b) total

evaporative mass flow rate.

Fig. 5. Comparison of the thin film profiles of non-polar water

and polar water for the same superheat condition of Tw � Tv =

0.1 K.

Fig. 6. Comparison of the disjoining pressure of non-polar

water and polar water for the same superheat condition of

Tw � Tv = 0.1 K.
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disjoining pressure is significant is longer for the polar

case due to its slower decrease of disjoining pressure,

while the maximum value of the disjoining pressure re-

mains the same for polar and non-polar water. The dis-

joining pressure of non-polar liquid gradually goes to

zero based on Eq. (6), but that of polar liquid rather

sharply drops to zero, reflecting the limitation of the dis-

joining pressure model for a polar liquid represented by

Eq. (5). This deficiency later creates abrupt changes in

the profiles of other physical parameters.

Fig. 7 shows that the evaporative mass flux for the

non-polar case is larger than that of the polar case.

The discontinuity shown in the evaporative mass flux

distribution for a polar liquid is attributed to the afore-

mentioned deficiency of the model used to describe the
Fig. 7. Comparison of the evaporative mass flux of non-polar

water and polar water for the same superheat condition of

Tw � Tv = 0.1 K.



Fig. 8. Dependency of thin film profiles on the thermocapillary

effect and on the slip condition for pentane (non-polar) at

Tv = 300 K and Tw � Tv = 0.01 K.
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disjoining pressure for polar liquids. The average evapo-

rative mass flux per unit axial length of the thin film re-

gion, for a unit width of 1-m, is calculated to 0.155 kg/

(ms) for a non-polar liquid and 0.027 kg/(ms) for a

polar liquid. The associated evaporative heat transport

rate in the transition region is 35 W/cm2 for a non-polar

and 6 W/cm2 for a polar liquid. As stated previously, the

strong intermolecular forces retard the evaporation of

liquid molecules from liquid–vapor interface in polar

liquid.

3.2. Effect of liquid slip

The effect of inclusion of the slip boundary condition

is investigated for pentane and ammonia in a two-

dimensional slotted pore with 20-lm width. Pentane is

chosen as non-polar liquid and ammonia as a slightly

polar liquid. The differential equation for the film profile

was obtained in non-dimensional form using following

non-dimensional variables [10]:

g ¼ h
h0

; n ¼ x
x0
; _mid ¼ qlu0; Ca ¼ llu0

r0

;

x0 ¼
r0h0
P0

� �1=2

; h ¼ T i � T v

T w � T v

; j ¼ hfg _mid

ðk=h0Þ
;

DT 0 ¼ T w � T v; _mid ¼ C
M

2pRT

� �1=2 P vMhfg
RT vT i

ðT i � T vÞ
� �

where g and n are dimensionless film thickness and

dimensionless axial coordinate, respectively, subscript

�0� represents adsorbed film region, u0 is a characteristics

velocity of the liquid, Ca is capillary number, h is non-

dimensional temperature, and j is the ratio of evapora-

tive interfacial resistant to conductive resistant in thin

film. Using these non-dimensional variables, the differ-

ential equation for non-dimensional film thickness pro-

file was achieved by substituting Eq. (17) for mass flow

rate (C) and Eq. (24) for evaporative mass flux ( _mevp)

into Eq. (23):

� g3gnnn � 3g�1gn � G1g
3ðgnnhÞn �

3

2
G1G2g

2hn

� �
n

� 3Ls

h0
g2gnnn � 3g�2gn � G1g

2 gnnh
� �

n
� G1G2ghn

h i
n

¼ G3½h� gnn þ G1hgnn � g�3�
ð36Þ

where

G1 ¼
cDT 0

r0

; G2 ¼
x20
h20

; G1 ¼
3Ca

P0h0
r0

� 	2
;

h ¼
DT 0 þ jðggnn þ g�2Þ
DT 0 þ jgþ jG1ggnn

The differential equation (36) can be also solved by the

same method as stated previously. The slip length (Ls)
is calculated from Eq. (10). Asymptotic value of slip

length (Ls0) and critical value of shear rate (cc) are ob-

tained using physical properties of pentane such as

molecular mass, number density and molecular weight

as stated in [16], and the shear rate ð _cÞ is iteratively cal-

culated from the velocity profile.

Fig. 8 shows the thin film thickness profiles with and

without consideration of the slip boundary condition,

represented by Eqs. (8) and (10), for pentane at vapor

temperature of 300 K under the equivalent superheat

of 0.01 K. This figure shows that the slip condition tends

to increase the length of the thin film and the thermocap-

illary effect tends to decrease it. As stated previously, the

thermocapillary stress resulting from interfacial temper-

ature gradient has an effect of reduction in the length of

thin film. On the other hand, slip at the wall reduces the

momentum transfer at the wall–fluid interface, and in

turn this leads to larger velocity relative to the case of

no-slip. Thus, there is less flow resistance in the thin film.

As a result, more flow can be provided into the thin film

region and consequently the length of the thin film is in-

creased with reduction of flow resistance resulting from

slip at wall. The slip length was obtained using thermo-

physical properties at working temperature by a correla-

tion of Thompson and Troian [20]. The slip length is

calculated to be 4.2-nm for pentane and to 5.7-nm for

ammonia.

Fig. 9 shows the evaporative mass flux distribution

for pentane at two different superheat levels and two dif-

ferent pore sizes, and all cases clearly show increased

evaporative mass flux for the case of slip in comparison

with no-slip. Note that the slip condition allows more

liquid to flow into the thin film region from the bulk

liquid because of the reduced viscous drag at the

solid–liquid interface. The evaporative heat flow rate is



Fig. 9. Evaporative mass flux under slip or no-slip wall

conditions at different superheat levels for pentane at Tv =

300 K.

Fig. 10. Total evaporative heat flow rate per unit depth for

both slip and no-slip wall conditions at different superheat

levels for pentane and ammonia.
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determined by multiplying the latent heat of vaporiza-

tion by the evaporative mass flux. For the superheat of

0.01 K for pentane, the evaporative mass flow rate per

unit depth for large slotted pore of 20 lm is 6.59 ·
10�8 kg/ms for slip condition and 5.33 · 10�8 W/m for

no-slip condition, which presents 24% increase due to

the slip condition. For smaller pore of 5 lm in width,

the evaporative mass flow rate per unit depth is

1.10 · 10�8 and 8.78 · 10�9 kg/ms for slip and no-slip

condition, respectively, which indicates 25% increase

due to the slip condition. Considering equivalent cross-

sectional area, the area of 16 small pores of 5 lm is equal

to that of large pore of 20 lm. Thus, a bundle of 16

small pores could evaporate 1.76 · 10�7 and 1.4 ·
10�7 kg/ms for slip and no-slip, respectively, which rep-

resents significant increase in evaporative mass flow rate

relative to a single large pore.

The total evaporative heat flow rates for the two dif-

ferent sized pores, integrated along the thin film region

length with unit width, are shown for both slip and

no-slip conditions at different superheat levels for pen-

tane and ammonia in Fig. 10. The slip cases consistently

show larger heat flow rates than the no-slip cases for

both working fluids and at all superheat levels.

Fig. 11a shows the distribution of the liquid pressure

gradients associated with and without the slip boundary

condition. The slip at wall reduces the flow resistance

and lowers the pressure gradient. Note that the slip effect

is more pronounced at higher superheat associated with

larger pressure gradients. This trend can be explained by

the definition of the slip velocity, Eq. (15), which states

that the slip velocity increases with increasing liquid

pressure gradient. Fig. 11b shows the distribution of liq-

uid pressure in thin film region. It also confirms that the

liquid pressure gradient decreases with the used of the

slip condition. Also noted is that slip elongates the thin
film region, which is consistent with the observations

made from Fig. 8.

To better understand the slip effect on heat and mass

transfer, a scaling analysis can be used to identify the

parameters controlling the slip length and velocity in

the evaporating thin film. First, a characteristic axial

velocity, u*, is defined using the thin film mass flux pre-

sent at the beginning of the thin film region as

u� ¼ Ctr=qlhtr ð37Þ

where the subscript �tr� refers to conditions at the transi-

tion between the bulk meniscus and the thin film. The

transition mass flux can be related to the total heat

transfer from the thin film according to

Ctrhfg ffi k
T w � T i

htr
� Ltr ffi k

T w � T v

htr
� Ltr ð38Þ

The transition film length Ltr can be scaled using the

lubrication form of the x-momentum equation. Ignoring

thermocapillary stresses and scaling derivatives in u by

u� � us yields

u� � us
h2tr

ffi P0 �Ptr

Ltr

: ð39Þ

Eq. (39) is rearranged with respect to Ltr,

Ltr ffi
ðP0 �PtrÞh2tr

u� � us
ð40Þ

Eq. (40) shows that the transition film length increases as

us increases. Such a trend was confirmed in Fig. 8. By

combining Eqs. (37), (38) and (40) a final scaling for

u� is obtained.

u� � ðu� � usÞ ffi
k

qlhfg

T w � T v

h2tr
h2trðP0 �PtrÞ ð41Þ



Fig. 11. Liquid pressure profiles in the transition region of

pentane at Tv = 300 K for different superheat conditions with

slip and no-slip wall conditions: (a) liquid pressure gradient

calculated; and (b) liquid pressure distribution integrated from

(a).
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The slip velocity can be scaled as

us ffi u�
Ls

htr

� �
ð42Þ

Thus, the velocity scale, u�, can be rewritten as

u�2 1� Ls

htr

� �
ffi k

qlhfg
ðT w � T vÞðP0 �PtrÞ ð43Þ

u� ¼ k
qlhfg

ðT w � T vÞðP0 �PtrÞ
ð1� Ls=htrÞ


 �1=2

ð44Þ

The total heat transfer from the thin film can then be

scaled as

Q ffi Ctrhlv ð45Þ
Q ¼ k
qlhfg

ðT w � T vÞðP0 �PtrÞ
ð1� Ls=htrÞ


 �1=2

qlhfghtr ð46Þ

Eq. (46) describes that for a given superheat condition

(Tw � Tv) and (P0 � Ptr), a larger slip length yields an

increased heat transport. This result was also confirmed

in Fig. 10.
4. Conclusion

A mathematical formulation has been developed to

investigate polarity effects of the disjoining pressure on

the fluid flow and heat/mass transfer processes occurring

in an evaporating capillary pore with radius of 10-lm
incorporating thermocapillary stress. The effect of the

slip velocity condition at wall has been separately exam-

ined for non-polar pentane and weakly polar ammonia

in a two-dimensional slotted pore.

Fundamental findings include the following:

(1) Under the same thermal condition, the thin film

length is extended for consideration of a polar form

of the disjoining pressure.

(2) The liquid polarity reduces the evaporative heat

transfer fluxes due to the stronger van der Waals

forces of polar liquid, while the total heat transfer

rate reduction is substantially less pronounced.

(3) Consideration of slip at the wall tends to elongate

the transition film, thereby counteracting the ther-

mocapillary action of reducing the film length and

possibly delaying the onset of thermocapillary dri-

ven instabilities.

(4) Slip yields lower pressure gradient in the transition

film region, thus enhancing the evaporative mass

flux. These slip effects becomes more pronounced

at higher superheat conditions.

(5) Non-dimensional analysis of related terms also con-

firmed the computational findings for the slip effect

on the transition film.
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